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Abstract: This This study pioneers the investigation into a novel class of multivalent convex functions of order 1,
defined within the unit disk and constructed via an integral operator originating from the generalized Bessel
equation. We developed a systematic methodology to derive the initial coefficients, subsequently employing advanced
complex analysis to establish a series of sharp and foundational results. Crucially, we determined the precise upper
bounds (Coefficient Bounds), which are essential for understanding the function’s growth limitations and series
expansion. Furthermore, we proved Growth and Distortion theorems to delineate the exact geometric behavior and
variability of these functions, which is vital for mapping and applications in complex analysis.

One of the most important aspects in this study regarding the defined class is extracting a complete description of
the extreme points. Identifying these points is paramount, as it facilitates the representation of any function in the
class as a convex combination of these fundamental elements, thereby fully describing the geometric hull and
confirming the sharpness of the established inequalities.
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I. INTRODUCTION

Let V, referring to the class of all p-valent analytic functions g(w) in unit disk D = {w:w € C: |w| < 1} that admit the
following series representation:

gO0) =wP + > Wt ™, p € N~{1}. )
k=1

Consider two functions g(w) and £(w) are analytic within a domain ®, the function g(w) exhibits subordination to
£(w) in D, denoted g(w) < y(w), if there exists an analytic mapping a(w): ® —» D satisfying:

e g(0)=0,
o |o(w)|<1forallweD,

such that g(w) = )((a(w)) holds identically. When g(w) is p-valent in D, the subordination g(w) < y(w) is equivalent
to the conjunction of:

1. Initial value consistency: g(0) = £(0),
2. Range inclusion: The image of g(®D) is contained within the image of y(D).
This equivalence is established [1].
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In his foundational work [2], [3] and [4], Baricz introduced the generalized Bessel function(GBF) of order p of the first
kind, defined by the power series

B(W) = Bp.r,q (W) = Zmzo% (E)Zerp' (2)

m!F(p+m+T 2

where r,p,q,w € Cand q # 0 and I stands for the Euler-Gamma function.

By applying ratio test, radius of convergence of series is measured for B, ,. , (w) is infinite; hence, the function be entire-
it converges for all complex values of its parameters. This general formulation specializes to several classical functions,
including the Bessel, spherical Bessel, modified Bessel and spherical modified Bessel functions of the first kind.

Furthermore, B, ,. , (W) satisfies the second-order linear differential equation
w2B"(w) + b wB'(w) + (qw? —p* + (1 —r)p)B(w) =0 (3)

which is known as the generalized Bessel equation.

To investigate its univalence in the unit disk, a normalized form of the function defined in (3) is often employed. This
normalization allows for the application of established results from geometric function theory.

In the present study, we consider the transformed function w,, . , (w) defined by

m r+1 m
RW) = 27 (p + =)W Bypg (W) @
where B, ,, (w) is as givenin (2).
By employing the standard Pochhammer symbol (a),, which defined for complex parameters a and m is defined via the
Euler Gamma function as follows:

@, = F@a+m) { 1, m = 0,a € C\{0},

~ Tr@ la(@+1)..(a+m-1), m=#0,a €C,

also known as the rising factorial, the Pochhammer symbol (a),,, has been extensively studied [5],[6],[7] and [8] and closely
associated literature.

We get from the function u,,,. , (w) the next representation

o ()™ W™

hw) = 2 O (%) ’ )

m=0

notably, this function is analytic across the complex plane and fulfills a second-order linear differential equation
wih'(w) + rw k(W) + (qw? — p? + (1 — r)p)h(w) = 0.

Now, set

h(w) = Z Amep (g)mw’ ©)

for all w € C, where

RGOk
Amsp = Z m! (L)

for all m > 0. Normalising (6) we have

h(w) = (g)p + Z ik (g)m, @)
k=1
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For all p € N. Which it is equivalently

[ee]

=5+ > 4%, kpen ®)

j=p+k
The function defined in (8) known as the p-valent Bessel function, is analytic and multivalent in D.

LetV, ; referred to the class of all functions which has the form (8). This class of functions, termed p-valent Bessel function
[9].

In GFT, integral operators serve as a fundamental tool for constructing and analyzing subclasses of univalent functions. By
applying such operators, one can transform existing functions into novel forms endowed with advantageous geometric
properties-including convexity, starlikeness and close-to-convexity-especially within the unit disc. While certain operators
of this type have been examined [10], the present study focuses on a novel integral operator introduced [11], defined as
follows:

Let Tf's : V,; = V,; such that

+1 (v
Tuis h(w) = wz—ll)f w¥Sh(wW)Sh' W)*dw, A, 6€ER P >0
0

o _ j
T"i‘s h(w) = R(w) = %@)p + j:zk;,p P ;?Esp ) d; (g) , kpeN 9
2 © .
= %(g)p + Z ¢ (%)]

j=k+p

_ Pt p+a))
where 1,0] = T
Previous studies have examined integral operators that incorporate GBF of order p of the first kind, analyzing their

univalence properties. For a comprehensive review [12], [13], [14] and [15].

Building upon these studies, this paper establishes and investigates two novel subclasses of analytic functions. These classes
are defined via an integral operator constructed from the Bessel function R(w), given in (9).

Definition 1. Let 4, be real numbers, ¢ € [0, ), t € C\{0}. Then a function R(w) satisfies the membership condition
for the class S]\Qﬁlg (t, x(w)) if and only if it meets the following requirement

1 2(3) @)

m 1—%———z§€6;537——— < y(w).

Definition 2. Let a function R(w) satisfies the membership condition for the class 5]\@3_5 (t,w,n) of order n, if it meets
the next requirement

[, 20y
‘ (RW)

1+(1-2n)w

where y(w) = o

,0< n<1,teC\{0}andallw € D.

The univalent and multivalent functions theories are a focus of complex analysis and derive the complex mappings
associated with a given branch of the complex plane. One of the important problems in this branch of mathematics is the
characterization of the coefficients of Taylor series by precise sharp bounds. The characterization of these bounds is beyond
the application of approximations of bounds; the conditions of these bounds reveal important properties of the functions
which are analytic.
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The fine structure of multivalent functions is given by the coefficients of the functions which compose the branching
diagrams that place the virtual or physical branch points in the extended complex plane. The inequalities which are true for
these branch points also apply to univalent functions, so in either case the coefficient bounds are the most useful information.
In many domains, the encouragement of an ideal set of bounds leads researchers to the underlying theories of conformal

maps, complex schemes, or Riemann surface structures.

The analytic bounds in the branch of mathematics comprising of allocated sets of coefficients with other bounds is the area
that best balances the geometric context of representation with the analytic precision which clarifies the behavior of these
functions. The candidate approaches to control the practical and theoretical manipulation of these functions also become

more sophisticated and organized.

Theorem 1. If R(w) € SN} 5 (t,w,n), then

i o) P
| <

. p(¥ +)) W+p)’
j=k+p
Proof: Let
2 (%) (n "
T OO G IGICD A T
t (Rw))
(sn(w)) +2 (%) (Rw)) "t n(RW))'
t(SR(w))
By applying requirement of the definition
1+w
Gw) < T
There is exist o(w) a Schwarz function, such that
1+ a(w)
This implies that
Gw) -1
IOLS
We know that
G -1
o) = |7G$§ - 1‘ <1
Then
|G(w) - 1| 2(%) (@) "+ - tn = H(RW))’
G+ 12 (F) (RW)) +(1 — £ + O)(RW))

A+1 _ - A+1 -
P DD W e G- D6 (%) -y @D e -

(10)

1

—0)jt; d (%)J

o, 260 +7)
T+1(p — — G _ 1
PG DD gp G- 14 (5) + A -en+ 0T e E DY oo, (3)
@ £) AL o (—-tn-1t) . wh/ P
_ Btn VWD) It 4 (3) .
_fntl) w w (—tnto) . N
Gt () + I 2 0 4 (3)
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—tn—t o i—tn—t) . wy P
(pz(wzp) )pl+1(lp+1)+2j=k+p(] 277 )Jgj dj (7)
lp-tn+0 w (G=tn+t . wy/ P
WP’HI(ED D+ Xy Jt 4 (7)

—tn-—t o j—tn—tl . w|/P
lpz@pzp) 'p“1(¢+1)+2,-=k+p ] L IJ{,], | |7|
T lp—tn+tl lj—tn+tl .

jp’
2(1)[) ¥ p) pl+1(¢ + 1) + Z;Ozkﬂ)T ]{)] |dJ| |%|

The finally expression be bounded by number 1, if

[oe]

lp—tn—t lj—tn—tl w =P
Lyt Y e g ]

2 +p) L 2
lp—tn+tl ., o -t wpip
2 +p) P WD z >t 4l |E|
j=k+p
had A+1
. W+
4l < ————
j;p W +p)
Corollary 2. If R(w) € SN;}s (t,w,n), then
P’ +))
a;| <+ =, 11
4] J@ +p)(6p + 4)) (1)
and equality in (11) holds for function R(w), defined by
2 2 ; )
p (Y +1) wyp prW +)) w
=~ (= =) . 12
) &) *iGemen @) " (a2

Y+p
The Growth and distortion theorems

The growth and distortion theorems concern univalent and multivalent functions and their behavior in the complex plane,
and their geometric functions, both in the analytic and geometric realms of the complex plane, constituting a bounding
framework within which their properties move and the mappings are preserved. It is, for instance, the growth theorem that
an entire function which is bounded, has to be a constant function. This is one of the cornerstones in the analytic setting
which under the boundedness have extreme restrictions to the entire functions of a complex variable.

On the other hand, the distortion theorem determines the analytic functions and their maximal flexible mechanics to be at
curves and domains under mapping. It gives well-defined limits to the extent such functions can be dilation or contraction
oriented to the geometric structures so that the deep splits between the functions in the analytics and the functions in the
geometry are captured.

Eyeing these theorems, they are especially useful in understanding the more geometric analytic properties of the mappings
of the complex plane which the behavior of the functions has to govern in the shape and the size.

Theorem 3. If R(w) € SNy (t,w, 1), then

P+ P’ +p+k) .
@ +p) v @+ k)@ +p)(6p + Ap + 2k) VP < |R(W)
< P+ 1) P P’ +p+k) vPrk(13)

W+p) | +RW+p)Gp +Ap + k)
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|¥| =v < 1, provided j = p + k. This yields a sharp for

s 2 2 p+k
_ p"(¥+1) (w p“(P+p+k) w
m(w) - (WY+p) (2) + W+p)(p+k)(Sp+Ap+Ak) (2) k'p €N

Proof: Applying inequality (10) valid for functions R(w) € SNJ‘S (t,w,n) in conjunction with

[oe]

IR ALICALAZONS N S0P + )
P +p+k) C e, Pt

j=k+p

Then

(oo}

i @+ G +ap +ak) |\ 3 j(Op + 2j)
| <

———= |4 <P
4 p(¥ +p+k) i p(+)) ®+p)
j=k+p j=k+p

[oe]

z (p+k)(Sp + Ap + Ak) |d| <P
y: P +p+k) T @ +p)
Jj=k+p
N PP +p+k)
> eyl < TR . (14)
4 p+ k)@ +p)(6p + Ap + Ak)
j=k+p
. . z p - ) .
By using (14) for function R(w) = %@) + Yitk+p 4 (g) € 5]\%5 (t,w,n), since |§| =,
A
p (¥} +1)
IRw)| Py Z d; v
@ +p) e
A [oe]
ACLENN
¥ +p) e
W +1 ‘W+pt+k
W+ D P +p+k) e (15)
@ +p) (P+k)@ +p)Sp + Ap + 1k)
and similarly
A 2
p'@®+1) p(W+p+k)
Rw)| = VP — yk+p | 16
N R DO E T (16)
Theorem 4. If R(w) € SN;} 5 (t,w,n), then
P+ 1) - PPUAPER) < W) < MY +1) - PPUAPHR)
2y +p) W +p)(6p + p + Ak) 2y +p) (Y +p)(6p + Ap + k)
17)
|¥| =v < 1, provided j = p + k. Manifestly, this bound is sharp for
_ pr@+) (w\P P2 (+p+k) w\P e
R(w) = (W+p) (?) t T WD) G A (5) '
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Proof: Application of the inequality show in (10) for R(w) € SNJ‘S (t,w,n) then

[oe]

Z 4 < P’@+p+ik)
T T e+ k)@ +p)(Ep + Ap + k)

j=k+p

[oe]

Z R i Ut k.))
TG =W +p)©p+Ap+ A

(18)
j=k+p

Jj
For function R(w) = p(ﬂ’r;)(z) Y kep 4 (g) , then

o LPWAD N
|§R(W)|—val+ Z ]d] v/ 1

j=k+p

P+ the1
2wip T Z j4;

j=k+p

P L, PP tR)
2 +p) Y +p)(6p + Ap + 2k)

ypHk-1 (19)

and similarly

A+1 2
R )| S P (lP+1)V,,,_1+ p*@W@+p+k) k=1

2(Y +p) @ +p)(6p + Ap + Ak)

[ | (20)

Extreme points

When studying multivalent functions, identifying the extremal points is crucial. These points clarify the layout of the cut
lines, pinpoint the essential singular points, and reveal the multiple branching behaviors that the function exhibits. Such
investigations play a foundational role in unraveling the intricacies of the function itself and, consequently, in constructing
the Riemann surface that the multivalent function automatically generates.
PAw+1) A1) B (W
p Y+ r"(Y+1 @+p) (W
Theorem 5. Let R,(w) = i (2) and R;(w) = Vi (2) + 6; Py (2) ,

wher __1(6p+11)_
ere R(Y) p(Y+))

Then R(w) € SNM (t,w,n), if it has the form

Rw) = 5,R,(W) + Xieksp R W), 21D
where §; = 0and 6, =1 — X724y 6 -

Proof: Assume that

SR(W) = 8p§Rp(W) + Zj‘ik+p 6jm]’ (W)

® o p
W+ 1) wyp @+ w\e @ +p)
== Z 6j)p1/)+p (g) + Z (Sj pl/)+p (g) + 1}{’4&3 (%)

j=k+p j=k+p

J

j

w p
p (@ + 1) wyP W +p) W
S @ 28 iy @

j=k+p
A +1) wyP O '
=p¢+p ) +,Z 4 (%)}
j=k+p
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Thus

o 0 p
> Ml = Y M G

j=k+p j=k+p

_p N
UET)) _Z %
j=k+p

__ P
®+p)
p

<w+w

(1-46p)

From this we conclude
R(w) € SN's (£, w,m).
By contrast. Think about this:
R(w) € SN5 (t,w,)

p
|d,-|s%, j=p+kkeN
M [ee]
5,-3#)@, S=1- ) 5
Y +p) j=ktp
Thus

A+ 1) N '
) =5 @)+ 2 4 (3)

j=k+p
w o 14 i
P W+ 1) (w\P W +p) W
ER(W) = 6p + j;p 61' —1/) n D (3) + j;—p 6]' —M(ll}l)) (E)

> 2 _p

Jj=k+p

= 5,R, 0+ D & Fyw). -

j=k+p

I1. CONCLUSION

This work investigates analytics of a new class of functions: multivalent convex functions of order 1, constructed from an
integral operator related to a generalized Bessel equation. This integral operator plays a central role and acts as a particular
operator for an entire class of analytic functions with convexity conditions, and, hence, allows a unified treatment for a class
of disparate analytic functions.

Following the developed systematic framework, we calculated, and proved to be valid the sharp bounds for the leading
coefficients of their Taylor series. The bounds are rigorous in the sense that these are not asymptotic or abstract estimates,
and can be illustrated with tangible examples, hence, are classified as hard bounds. Hence, the bounds enhance the analytic
understanding of growth and optimal convex combinations, and, also, assist in the numerical inversion of Bessel type
solutions.

Page | 72
Research Publish Journals



about:blank
about:blank

International Journal of Mathematics and Physical Sciences Research ISSN 2348-5736 (Online)
Vol. 13, Issue 2, pp: (65-73), Month: October 2025 - March 2026, Available at: www.researchpublish.com

The coefficient results were complemented with the proofs, the distortion and the growth theorems. They mathematically
restrict the possible ranges of variation of the modulus, the foot-point distortion of the converse modulus, and the disparate
behaviors of different analytic and coéfficient derivatives. Theorems demonstrate that such explicit estimates greatly aid in
function’s domain mapping and clarify the allowed bilinear growth with order-preserving mappings.

Above all, this work delivers an integral geometric and analytic guide to the extreme points of the new family, the stage
where the risks decide the payoff and therefore the deciding proof set of the proofs. The recent work theorems become
elementary, since any function within the family is expressed as the exact concentration of extreme points, and therefore
the closed convex boundary of points becomes evident. Such compact representations sharpen the inequalities and so their
extremality all grows rigid.

In summary, the study materializes a functional continuity between polyhedral aspects of boundary-solution theory and core
aspects of geometric function theory. The order of work associates both houses. Hence the paper lays the functional table.
The next phase appears as broadly divided. Two strands, perhaps, materialize: to investigate strata-closers convex-ring, to
articulate family-openings focused under different geometrically-inherited linear operators, and to employ the convex as a
technical core against concrete equations of theoretical physics.

REFERENCES

[1] 1. Graham and G. Kohr, “Geometric Function Theory in One and Higher Dimensions,” New York: Marcel Dekker,
2003.

[2] C. Cesarano and C. Fornaro, “Generalized Bessel functions in terms of generalized Hermite polynomials,” Int J Pure
Appl Math., vol. 112, no. 3, pp. 613-29. 2017.

[3] A. Baricz, “Generalized Bessel Functions of the First Kind,”Berlin: Springer; Lecture Notes in Mathematics. 2010.

[4] R. Szasz, P. A. Kupan, “About the univalence of the Bessel functions,” Studia UNIV, BABES-BOLYAT,
Mathematica, vol. 44, no.1, pp. 127-132, 20009.

[5] K.S.Yadav, B. Sharan and A. Verma, “Extension of Pochhammer symbol, generalized hypergeometric function and
1-Gauss hypergeometric function, “ Analysis, vol. 45, no. 1, 61-72, 2024.

[6] V. Fantini and C. Rella, “Modular resurgence g-Pochhammer symbols and quantum operators from mirror curves,”
arXiv [Preprint]. 2025.

[7] Q.1 Feng, D.W. Niu, D. Lin, and Y.H. Yao, “Special values of the Bell polynomials of the second kind for some
sequences and functions,” J Math Anal Appl., vol. 491, no. 2, pp. 124382, 2020.

[8] R. Diaz and E. Pariguan, “On hypergeometric functions and k- Pochhammer symbol,” Divulg. Mat. Vol. 15, pp. 179-
192, 2007.

[9] O. A. Fadipe-Joseph, B. O. Moses and T.O. Opoola, “Multivalence of the Bessel function, < Int Electron J Pure
Appl Math., vol. 9, no. 2,pp. 95-104, 2015.

[10] O.P. Ahuja and A. Cetinkaya, “A Survey on the Theory of Integral and Related Operators in Geometric Function
Theory,” vol., pp. 344:635-652, 2021.

[11] E. O. Davids, O.A. Fadipe-Joseph and M.O. Oluwayemi, “Results on multivalent Bessel functions associated with a
new integral operator, “Partial Differ Equ Appl Math., vol. 14, pp. 101228, 2025.

[12] G.I. Oros, G. Oros and D.A. Bardac-Vlada,” Study on the Criteria for Starlikeness in Integral Operators Involving
Bessel Functions,”ymmetry, vol. 15, no. 11, pp. 1976, 2023.

[13] A. O. Lasode, T.O. Opoola, I. Al-Shbeil and T.G. Shaba, “Alsaud H. Concerning a Novel Integral Operator and a
Specific Category of Starlike Functions, “Mathematics, vol. 11, no. 21, pp. 4519, 2023.

[14] H. E. Darwish and A. Y. Lashin, “El-Ashwah RM, Madar EM. Certain subclass of p-valent functions associated with
Bessel functions, “Publ Inst Math., vlo. 110, no. 121, pp. 81-89, 2021.

[15] B. Daniel, R. K. Kadhavoor and U. Elangho, “Subclasses of Multivalent Meromorphic Functions with a Pole of Order
p at the Origin, “Mathematics, vol. 10, no. 4, pp. 600, 2022.

Page | 73
Research Publish Journals



about:blank
about:blank

